Densest subgraph sparsifiers



densest subgraph problem

e undirected graph G = (V E)
® subgraph induced by S C V/

J : Let all red nodes be set S (they form a clique). The
average degree of S is 4, as each node is connected to four other

2><(g)

nodes in S. Also, we can see that by — =4
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density measures’

e cdge density (average degree):

2|E(S.5)| _ 2IE(S)
g S|

d(S) =

(sometimes just drop 2)

e degree density (half of average degree):

|E(S)]
p(S) = BGE

More in DSD module
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|
Goldberg's algorithm for densest subgraph

® consider first d
® s there a subgraph S with
d(S) > c?
® transform to a
G

® on the transformed instance:

° smaller
than a certain value?
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-
Goldberg's algorithm for densest subgraph

is there S with d(S) > ¢ ?

21E(S,S)]
5] N

2|E(S.9)] > S

3" des(u)  |E(S.3)] > IS
ues
Zdog(u) - Zdog(u) — Zdog(u) —|E(S,5)| > c|S]|
ues ues ues
> deg(u) +|E(S,S)[ +c|S| < 2|E]|

ues
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|
Goldberg's algorithm for densest subgraph

® transformation to instance

® isthere Ss.t. > zdeg(u) + |e(S.S)| +¢|S| < 2|E| 7
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Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + |e(S.S)| +¢|S| < 2|E| 7
® a cut of value 2 |E| always exists, for S = ()
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-
Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + |e(S.S)| +¢|S| < 2|E| 7
® S () gives cut of value > _zdeg(u) + [e(S.5)| + c|S|
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-
Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + |e(S.S)| +¢|S| < 2|E| 7
® VES, if min cut achieved for S # ()
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-
Goldberg's algorithm for densest subgraph

[Goldberg, 1984]

input: undirected graph G = (V. E), number ¢

output: S, if d(S) > ¢

1 transform G into min-cut instance G’ = (V U {s} U {t}, E',w')
2 find min cut {s} US on G’

3 ifS#0return S

4  clse return NO

¢ to find the densest subgraph perform binary search on ¢
® |ogarithmic number of min-cut calls

® problem can also be solved with one min-cut call
using the parametric max-flow algorithm
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|
densest subgraph problem — discussion

Goldberg's algorithm polynomial algorithm, but

O(nm) time for one min-cut computation

not scalable for large graphs (millions of vertices / edges)

We will see more algorithms and formulations for dense
subgraph discover ylater in class.
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|
Bibliographic remark

Three different papers roughly at the same time came up with the
densest subgraph sparsifier theorem:

® Scalable Large Near-Clique Detection in Large-Scale Networks
via Sampling by Mitzemacher et al. KDD 2015

® Densest subgraph in dynamic graph streams by McGregor et al.
MFCS 2015

by Esfandiari et al. SPAA 2016
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Densest subgraph sparsification

Theorem (Mitzenmacher-Pachocki-Peng-Tsourakakis-Xu)

Let € > 0 be an accuracy parameter. Suppose we sample each edge
e € Ey independently with probability pp = C '°g” where D > log n
is the density threshold parameter and C = 5% is a constant
depending on €. Then, the following statements hold simultaneously
with high probability: (i) For all U C V such that p(U) > D,

p(U) > (1 —€)Clogn for any e > 0. (i) For all U C V such that

p(U) < (1—2¢)D, p(U) < (1 —¢€)Clogn for any e > 0.
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Graph Spanners

e We will follow Stefano Leucci's notes, available at
https://www.mpi-inf .mpg.de/fileadmin/inf/d1/teaching/
summer19/algorithms/lecture_notes_spanners.pdf

® Suggested optional readings

@ [Abboud and Bodwin, 2017]
@® [Aingworth et al., 1999]

© [Althofer et al., 1993]

O [Baswana and Sen, 2007]
@ [Peleg and Schaffer, 1989]


https://www.mpi-inf.mpg.de/fileadmin/inf/d1/teaching/summer19/algorithms/lecture_notes_spanners.pdf
https://www.mpi-inf.mpg.de/fileadmin/inf/d1/teaching/summer19/algorithms/lecture_notes_spanners.pdf
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