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N
What this lecture is about . ..

given a ( ), static or dynamic
(social network, biological network, information network, .. .)
find a that ...
.. has
..is
why | care?

what does dense mean?

review of DSP and algorithm design
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N
Outline

® motivation

e formulation

® preliminaries: maximum flow
® exact solution

e greedy 2-approximation

e LP
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|
Motivation — correlation mining

. a general framework with many applications
® data is converted into a graph

® vertices correspond to entities

an edge between two entities denotes strong correlation

o : data represent stock timeseries
(2] . data represent gene expression

dense subsets of vertices correspond to highly correlated entities

applications:

@ analysis of stock market dynamics
® detecting co-expression modules
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Motivation — fraud detection

® dense bipartite subgraphs in page-like data
reveal attempts to inflate page-like counts
[Beutel et al., 2013]
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source: [Beutel et al., 2013]
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Motivation — e-commerce

e-commerce
e weighted bipartite graph G(AU Q. E. w)
® set A corresponds to advertisers
® set () corresponds to queries

® each edge (2, g) has weight w(a. q)
equal to the amount of money advertiser
a is willing to spend on query g

large almost bipartite cliques correspond to
sub-markets
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Motivation — bioinformatics

Motif with a

Candidate K-Mer
Dependency

with incorrect

ATGTAcA'r / mT dependencies

ATGGTGAT
ATACAAT SUBGRAPH

®
ATTACAT 7("
.A.Tcﬂm\* @

DNA motif detection [Fratkin et al., 2006]

® vertices correspond to k-mers

® edges represent nucleotide similarities between k-mers
® gene correlation analysis

® detect complex annotation patterns from gene annotation data
[Saha et al., 2010]
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Motivation — frequent pattern mining

® given a set of transactions over items

e find item sets that occur together in a ¢ fraction of the
transactions

issue
number

heroes

g~ 0N

Iceman, Storm, Wolverine

Aurora, Cyclops, Magneto, Storm
Beast, Cyclops, Iceman, Magneto
Cyclops, Iceman, Storm, Wolverine
Beast, Iceman, Magneto, Storm

e.g., {lceman, Storm} appear in 60% of issues
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|
Motivation — frequent pattern mining

® one of the area in data mining

® many
Apriori, Eclat, FP-growth, Mafia, ABS, ...

® main idea: monotonicity
a subset of a frequent set must be frequent, or
a superset of an infrequent set must be infrequent
® algorithmically:
start with small itemsets
proceed with larger itemset if all subsets are frequent

. all frequent itemsets
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Motivation — frequent itemsets and dense subgraphs

id heroes ABCIMSW
1 lceman, Storm, Wolverine 1 0001011
2 Aurora, Cyclops, Magneto, Storm PN 2 1011100
3 | Beast, Cyclops, Iceman, Magneto 3 0111100
4 Cyclops, Iceman, Storm, Wolverine 4 0011011
5 Beast, lceman, Magneto, Storm 5 0101110
| Aurora
Beast
2
Cyclops
=4 3 Iceman
Magneto
4
Storm
5 Wolverine
° =4 =4
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Motivation — frequent itemsets and dense subgraphs

id heroes ABCIMSW
1 lceman, Storm, Wolverine 1 0001011
2 Aurora, Cyclops, Magneto, Storm PN 2 1011100
3 | Beast, Cyclops, Iceman, Magneto 3 0111100
4 Cyclops, Iceman, Storm, Wolverine 4 0011011
5 Beast, lceman, Magneto, Storm 5 0101110
| Aurora
Beast
2
Cyclops
= 3 Iceman
Magneto
4
Storm
5 Wolverine

® transaction data < binary data < bipartite graphs
® frequent itemsets < bi-cliques
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Preliminaries, measures of density



N
notation

graph G = (V/, E) with vertices V/ and edges £ C V x V/
degree of a node u € V with respect to X C V' is

degx(u) = [{v € X such that (u,v) € E}|

degree of a node u € V is deg(u) = deg,, (u)
edges between S C V and T C V are

E(S,T)={(u,v)suchthat ue Sandv e T}

use shorthand £(S) for £(S.S)

graph cut is defined by a subset of vertices S C V
edges of a graph cut S C V/ are £(S, S)

induced subgraph by S C V' is G(S) = (S, E(S))
triangles: T(S) = {(u,v,w) | (u,v), (u,w),(v,w) € E(S)}
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|
density measures

e undirected graph G = (V. E)
® subgraph induced by S C V

° . all vertices in S are connected to each other
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|
density measures

e cdge density (average degree):

2IE(S.S)| 2|E(S)
A5 =""15 =3

(sometimes just drop 2)

® edge ratio:

ss)— [ES. S _E©) _ 21E(S)

(S h (5N ~ISI(]S] - 1)
® triangle density: ()
T(S
t(S) = BGE
® triangle ratio: (s
T(S
)
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|
other density measures

® /-core: every vertex in S is connected to

at least k other vertices in S

® q-quasicligue: the set S has at least o (“;‘) edges

i.e., S is a-quasiclique if £(S) > a (‘i‘)
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|
reminder: min-cut and max-cut problems

min-cut problem
® source s € V/, destination t € V/

find S C V, s.t.,
seSandte S, and

minimize e(S, S)

max-cut problem

find S C V, s.t.,
maximize e(S, S)
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|
reminder: min-cut and max-cut problems

min-cut problem

max-cut problem

source s € V/, destination t € V
find S C V, s.t.,
scSandte S, and

minimize e(S, S)
polynomially-time solvable

equivalent to max-flow problem

find S C V, s.t.,
maximize e(S, S)
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|
reminder: min-cut and max-cut problems

min-cut problem

max-cut problem

source s € V/, destination t € V
find S C V, s.t.,
scSandte S, and

minimize e(S, S)
polynomially-time solvable

equivalent to max-flow problem

find S C V, s.t.,
maximize e(S, S)
NP-hard

approximation algorithms
(0.5 last time, 0.868 based on SDP)
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Efficient algorithms for static graphs



-
Goldberg's algorithm for densest subgraph

® consider first degree density d
® s there a subgraph S with
d(S) > c?
® transform to a min-cut

] instance
® on the transformed instance:

® is there a cut smaller
than a certain value?
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-
Goldberg's algorithm for densest subgraph

is there S with d(S) > ¢ ?

21E(S,S)]
5] N

2|E(S.9)] > S

3" des(u)  |E(S.3)] > IS
ues
Zdog(u) - Zdog(u) — Zdog(u) —|E(S,5)| > c|S]|
ues ues ues
> deg(u) +|E(S,S)[ +c|S| < 2|E]|

ues
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-
Goldberg's algorithm for densest subgraph

® transformation to min-cut instance

® isthere Ss.t. > zdeg(u) + [e(S.5)| +¢|S| < 2|E| 7
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-
Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + [e(S.5)| +¢|S| < 2|E| 7

® a cut of value 2 |E| always exists, for 5 = ()
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-
Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + [e(S.5)| +¢|S| < 2|E| 7
® S () gives cut of value > _zdeg(u) + [e(S.5)| + c|S|
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-
Goldberg's algorithm for densest subgraph

® transform to a min-cut instance

® isthere Ss.t. > zdeg(u) + [e(S.5)| +¢|S| < 2|E| 7

® VES, if min cut achieved for S # ()
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-
Goldberg's algorithm for densest subgraph

[Goldberg, 1984]

input: undirected graph G = (V. E), number ¢

output: S, if d(S) > ¢

1 transform G into min-cut instance G’ = (V U {s} U {t}, E',w')
2 find min cut {s} US on G’

3 ifS#0return S

4  else return NO

® to find the densest subgraph perform binary search on ¢

® |ogarithmic number of min-cut calls
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|
densest subgraph problem — discussion

Goldberg's algorithm polynomial algorithm, but

O(nm) time for one min-cut computation

not scalable for large graphs (millions of vertices / edges)

faster algorithm due to [Charikar, 2000]
and simple to implement

. algorithm
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|
greedy algorithm for densest subgraph — example
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greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example
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|
greedy algorithm for densest subgraph — example

AV

A
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|
greedy algorithm for densest subgraph — example

AV
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|
greedy algorithm for densest subgraph

[Charikar, 2000]

input: undirected graph G = (V. E)
output: S, a dense subgraph of G

1 setG,« G

2  for k + n downto 1

2.1 let v be the smallest degree vertex in G,
2.2 Gk,;[ < Gk \ {V}
3 output the densest subgraph among G,. G, 1...., G,
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-
proof of 2-approximation guarantee

a neat argument due to [Khuller and Saha, 2009]
® |let S be the vertices of the optimal subgraph
® let d(5") = )\ be the maximum degree density
® notice that for all v € 5° we have dege.(v) > A
e (why?) by optimality of 5*

€(5%)| - [e(S7)| — degs.(v)
ST = -1

and thus

degs.(v) > =d(§")=A
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-
proof of 2-approximation guarantee (continued)

([Khuller and Saha, 2009])

consider greedy when the vertex v € 5° C Vs

let S be the set of vertices, just before removing v

total number of edges before removing v is > \|5|/2

therefore, greedy returns a solution with degree density at least %

QED
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|
the greedy algorithm

e factor-2 approximation algorithm
® runs in linear time O(n + m)
e for a polynomial problem ...

but faster and easier to implement than the exact algorithm

® everything goes through for weighted graphs
using heaps: O(m + nlog n)

® things are not as straightforward for
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LP formulation

® Charikar gave an LP formulation as well

maximize E Xij

(i)€E(G)
such that x; <y;, forall (i.j) € E(G)
xj <y, forall (i,j)e E(G)

Xijs Yi >0

Exercise: Prove that the optimal LP solution achieves a value at
least as large as the optimal density of G.
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-
Thank you all for the wonderful semester!

® https:
//tsourakakis.com/cs630-graduate-algorithms-£fall23/
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